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ON A TRANSFOEMATION OF LAGUERRE. 

Br Percet F. Smith. 

Intboduction. 

It is proposed in this paper to give an elementary and purely geometrical 
exposition of a transformation of space, which was for the first time defined 
and very briefly discussed by Laguerre in the Comptes Rendus for 1881, p. 
7 1 : — Sur la transformation par directions r^ciproquea. Although treated more 
at length by Darboux in the Lemons sur la theorie genirale des surfaces, Vol. 
I, p. 253, the development is not systematic, and the properties of the trans- 
formation as such are not brought out clearly. In order to do this it is desir- 
able not to adopt the definitions of Laguerre or Darboux, but rather that 
proposed by E. Miiller in the Monatshefte fiir Mathenudik und Physik, Vol. 
IX, 1898 : Ueber die Geometric orientirter Kugein nach Grassmann. In this 
memoir, the methods of the Ausdehnungslehre are followed. 

For this purpose it becomes necessary to introduce a configuration of 
spheres, the spherical complex. This complex is a special case of the general 
Kugelcomplex of Sophus Lie,* defined as the assemblage of « ' spheres cutting 
a fixed sphere under constant angle. In the present instance,, the fixed sphere 
becomes a fixed plane, the fundamental plane of the spherical complex. 
Various theorems on this configuration are developed in sections 1 and 2. 

The transformation in question is, under the definition of Miiller, most 
fittingly designated : inversion in a ^herical complex. Planes are transformed 
into planes, and the oo * planes enveloping a surface F into the co * planes en- 
veloping a second surface F', so that we say : F inverts into F'. In particu- 
lar, spheres invert into spheres, and a point regarded as the envelope of all 
planes passing through it, into a sphere. Thus the transformation is not a 
point transformation. In order, however, that a given plane may invert into 
a unique plane, it is found necessary to assign a definite orientation to that 
plane, determined, e. g. by the direction of a normal. Such a plane is said to 
be oriented. 

The configuration of space consisting of a point P and a plane E through 
P is Itnown as a surface element, and may be denoted by (P, F). If a surface 

* First introduced In the well-known memoir : Ueber Compleze, insbeeondere Kngelcom- 
plexe, etc. , Math. Annalen, Vol. 5. 

(168) 
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F touches E at P, then (P, E') is said to belong to F. Thus a surface F de- 
fines 00 * surface elements, and is uniquely defined by them. Two surfaces are 
tangent if they possess a surface element in common. Surfaces having con- 
tact in the element (P, E) go over by any point transformation which trans- 
forms P into P' into surfaces having contact in an element (P', E) . For 
this reason, point transformations are called contact transformations. The 
transformation of Laguerre however belongs to a general class in which it is 
necessary to consider surface elements as oriented, i. e. as consisting of a point 
and an oriented plane through it. A surface F now defines two distinct con- 
tinuous systems each of oo ' oriented surface elements, and if P is regarded as 
defined by only one of these, F is said to be oriented.* Two oriented sur- 
faces F and F are tangent if they possess a common oriented surface element. 
By inversion in a spherical complex, which inverts an oriented plane E into 
F', oriented surfaces touching in (P, E) invert into oriented surfaces tangent in 
(P, E'). As before, the transformation is, then, a contact transformation. 

The transformation of Laguerre, from its elementary character, deserves 
to be numbered among the transformations of elementary geometry, viz., col- 
lineations, correlations, and inversion in a sphere. In fact, many of its prop- 
erties developed in the following pages are identical with those of the last 
mentioned transformation. Inversion in a sphere may indeed be defined with 
reference to a special Kugdcomplex, viz., the oo ' spheres cutting a fixed 
sphere, the sphere of inversion, orthogonally. f Then any point P is trans- 
formed into a point P' detei-mined by the property that all spheres of the com- 
plex passing through P also pass through P'. The two transformations in 
question are thus clearly associated with the two most inmiediate special cases 
of the general Kugelcomplex. 

It may be remarked that a transformation founded in the same manner on 
the general Kugelcomplex may be established, which is, however, compounded 
in a simple manner of the two foregoing. All belong to the general class 
studied by Lie, I, c, of contact transformations by which spheres remain 
spheres. 

Finally, the results of the following sections may be interpreted for the 
plane, mutatis mutandis.X 

* Laguerre, I. c. uses the term semi-surface, and for oriented plane, semi-plan. 
t Cf. the memoir by E. MBUer, Monatshefie fur Math. u. Phys. Vol. III. 
X Laguerre studied originally the transformation in the plane; v. Bulletin de la Soeiite 
Math, de France, Vol. 8, p. 196. 
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1. Th6 Spherical Complex. Given in space a plane TT and a sphere 
S of centre c and radius r, then every point c' of space is the centre of a 
unique sphere S' determined by the condition that the intersection with w of 
the line joining c and c' shall be a centre of similitude of /3 and /S'.* If c and 
c' are on the same side of tt, this point is an external centre of similitude, — if 
on opposite sides, an internal centre. This assemblage of oo ' spheres may be 
called a spherical complex, and ir the fundamental plane of the complex* De- 
noting by O the spherical complex, we may write, O is (S, tt). 

K if and S" are two spheres of C, then, by well-known theorems on cen- 
tres of similitude, a centre of similitude of S' and S" will lie in tt. Thus ani/ 
sphere of O will serve with ir for definition. 

The spherical complex (7 may be constructed also as follows : — let ^ be 
any point of tt and consider the cone of revolution F" with vertex at^ and cir- 
cumscribing 8. Then all spheres inscribed in V belong to C, and if V be 
now displaced by a translation such that p moves in tt, the oo ' spheres in- 
scribed in V in all of its different positions constitute the spherical complex. 
In particular, if p describes a straight line I in tt, we shall get oc * spheres of 
C, viz., all spheres touching the two planes passed through I tangent to 3, 
whose centres lie in the plane containing I and the centre of S. 

The points of the fundamental plane are to be regarded as spheres of the 
complex of radius zero. 

The plane at infinity may be chosen as fundamental plane, in which case 
the spherical complex consists of all spheres of the same radius as 3. 

We may consider the oo * points of space as a spherical complex £2. Any 
plane of space will serve as fundamental plane for this complex. 

Denoting now by^ the perpendicular distance from c, the centre of S, to 
TT, taken with positive or negative sign according as c is on one or the other 
side of TT, then the ratio p : r, where r is the radius of 8, is numerically the 
same for all spheres of C In order to make this ratio retain the same sign, 
we may assign opposite signs to the radii of the spheres of G according as 
these spheres lie upon one side or the other of tt. Then settings : r equal to 
K, we shall call k the constant of the complex (^8, ir). Evidently k and tt 
( i. e. four parameters) define the compliex. 

All spheres of a complex whose constant k is numerically less than unity 

* The treatise of RoachS et Comberonsse : Traitk de geomitrta ilimentaire, troisiime 
£dit., 2° partie, p. 257, m&j be consalted for the properties of centres of similitude, etc. 
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cut the fundamental plane under a constant angle cos-* «, which property may 
also serve as definition of the complex. 

In the specialcase « = ± 1, the spheres of the complex touch the funda- 
mental plane. Such a complex will be called special. If ic = 0, the complex 
consists of all spheres whose centres lie in the fundamental plane, and will be 
termed an orthogonal complex. 

The necessity which here appears of attaching a sign to the radius of a 
sphere is identical at bottom with that of assuming a definite orientation for 
the sphere. 

We adopt the convention, the normal is directed from or toward the cen- 
tre according as r is positive or negative. 

Two given oriented spheres S and >S'' with centres c and c' have a unique 
centre of similitude x defined by 

ex _r 

r and r' being the radii of S and 3' respectively. Thus x is the external or in- 
ternal centre of similitude according as S and S' have like or unlike orienta- 
tions. Then three oriented spheres have a unique axis, and four a unique 
plane of similitude. Hence ^wr oriented spheres determine a spherical complex 
whose fundamental plane is the plane of similitude. 

2. Spheres common to two or more complexes. The prelimi- 
nary notions just developed render easy the proofs of the following general 
theorems : 

I. Two complexes have <x> ^ oriented spheres in common, viz. all spheres 
inscribed in a certain diedral angle whose edge is the intersection of the funda- 
mental planes. 

II. Three complexes have oo ^ oriented spheres in common, viz. all 
spheres inscribed in a certain cone of revolution whose vertex is the point of 
intersection of the fundamental planes. 

III. Four complexes have a unique oriented sphere in common. 

Proofs : Let C< (Si, iTi), i=l, 2, 3, 4, be four complexes, and denote by 
c, the centre of St. 

I. We may determine one sphere common to (7i and Cj thus : Through 
X, the centre of similitude of Si and S.2, draw a line cutting tti and ttj in yj 
and ^2. then the intersection of Cij/i and c^yj is the centre of an oriented 
sphere S common to Ci and O'j, yi being the centre of similitude of Si and 
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3, and y^ of S^ and 8. Now, everi/ sphere inscribed in the diedral angle 
formed by passing planes through the intersection of ttj and ttj tangent to S 
will belong to Ci and Cj, and all common spheres are thus determined, for the 
centre of similitude of iS and any other common sphere must lie in tti and ttj. 

II. As before, first determine one common sphere. Let S be common 
to Oi and Cg, and x the centre of similitude of S and S^. Draw any line 
through X and the line of intersection of tti and ttj cutting TTg in y, then it is 
easily seen that the line joining y and Cj intersects the plane of centres of 
the spheres common to Ci and Cj in the centre of an oriented sphere common 
to Oi, Cj, and Cg. Hence all the conmion spheres are inscribed in the cone of 
revolution whose vertex is the intersection of ttj, ttj, TTg and which circimi- 
scribes S. 

III. The conunon sphere is thus constructed : Let v be the cone of 
revolution circumscribing all spheres common to Oi, Cj, C3, its vertex, I its 
axis. If, now, 8 is any common sphere of Ci, 0^, and 0$, x the centre of 
similitude of 8 and 8i, and y the intersection with tt^ of the line joining x 
and o, then y C4 intersects I in the centre of an oriented sphere common to C\, 
C2, C3, and C4. This common sphere must be unique, for if there were two 
such, their centre of similitude would be a point common to the four funda- 
mental planes. 

Exceptions to the general theorems may arise due to special relations of 
the given complexes. For example, if tt^ and ttj coincide, the common spheres 
of Ci and Cj are the points of the common fundamental plane. 

3. Inversion in a spherical complex. This is the transformation 
of Laguerre, a transformation of planes into planes, but not a point transfor- 
mation. The designation,* inversion in a spherical complex, is peculiarly 
api)ropriate, as will appear from the definition of the transfonnation. Ke- 
membcring the statements in the Introduction regarding oriented surfaces and 
the contact of such surfaces, the definition of the transformation may be thus 
stated : 

All oriented spheres of a given spherical complex C which touch a 
given oriented plane are tangent to a second oriented plane. These planes 
intersect on the fundamental plane of C and are said to he inverse with respect 
to O. 

The tnith of the statement follows from the following consideration : 

*Cf. MttUer, Zoc. eft. 
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Any two oriented spheres of G touching an oriented plane E have their cen- 
tre of similitude in the intersection of E and w, hence the second oriented 
plane through this line tangent to one of the two spheres is tangent also to 
the other. 

The transformation is involutory, i. e. if JE is transformed into ^, then 
conversely, E' transforms into E. Parallel planes remain parallel and the 
plane at infinity is invariant. 

K « < 1, the planes cutting ir under the angle 180°— cos~^ k, i. e. the planes 
touching the spheres of along their intersections with the fundamental plane 
are unchanged by the transformation. 

/Special Cases. Inversion in a special complex (*;= 1) transforms an 
arbitrary plane into the fundamental plane- This case is of no interest. 

Inversion in an orthogonal complex (« = 0) is plainly a simple reflection 
on the fundamental plane. 

If the fundamental plane is at infinity, the transformation displaces every 
plane parallel to itself a distance equal to the constant diameter of the spheres 




of the complex, and reverses at the same time the orientation. In particular, 
inversion in fl, the complex of all points, merely changes the orientation. 

4. Transformatioii of a surface by inversion in a spherical 
complex. The tangent planes of a surface E are transfonued into planes 
enveloping a surfiice E'. The surfaces E and E' are said to be inverse with 
respect to the complex. If no definite orientation is assigned to E, then each 
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of its tangent planes inverts into two distinct tangent planes to JF, and F' 
consists of two nappes. 

In particular the following theorem is fundamental : 

An oriented ^here So is transformed by inversion in a spherical complex 
O into an oriented sphere S'q. The radical plane of So and S'o is the fun- 
damental plane of C. 

Prooj: Eeferring to fig. 1, let aSq be the given oriented sphere, with 
orientation as marked, tt the fundamental plane, iS" any oriented plane tangent 
to So, and 1? the inverse of E, 8 being a sphere of C touching E. Taking 
the angles x and a and points as marked, we have 

sin x TC _ 
mTa'CP'"' 

where k is the constant of the complex C. From the equality of the angles 

in the figure : 

,.. sin x_ CqP _ CoF _ CoP+ (7^i> 

^ '' * ~ sin a ~ CoM' ~ M'C'o ~ CoM'-{- M'V^' 



Since C'oE = 0'oJf+ NR = C'oN-{- VoB - f o^ ; 



= C'oF' + BP'=C'oF'+CoR-CoP, 
we get 

(2) 0^- Cjf=C^'- C^P'. 

Putting CoP=-R, C'oP' = B', IfCo=p, J!^C'o=p', 

(1) and (2) become 

li' — R 
«=ii^f, p"-p' = R"-R', 

p'-p 

wlience 

Since then p' and R' are independent of S, the theorem is proven. 

The equations (-4) furnish an analytical definition of the transformation. 
We may remark that a sphere belonging to C (in which case p:R=:K) in- 
verts into itself. 
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A point, considered as the locus of all oriented planes passing through 
it, i. e. the limiting case of an oriented sphere with vanishing radius, trans- 
forms in general into an oriented sphere. Thus inversion in a spherical com- 
plex is not a point-transformation. The points of the fundamental plane are 
invariant. 

When the fundamental plane is at infinity, the transformation is especially 
simple. Let M be the constant radius of the oriented spheres of such a com- 
plex ; then an oriented sphere S of radius r inverts into a sphere with the 
same centre and a radius = 2i?— r, i. e. S is merely dilated. In particular, 
a point is dilated into a sphere of radius 2Ji. Any surface is transformed into 
a parallel surface. The following theorem is also evident : 

A non-oriented surface is its own inverse with respect to the complex fl 
of all points. 

The formulas (^A) for «* = — I define a transformation studied by Bon- 
net in the Comptes Bendus, Vol. 42, p. 485 ; a point inverts into a sphere 
whose centre lies in the fundamental plane. 

5. Other properties of the transformation. If (fig. i) ^ is 
tangent to a surface F at P, then JE' is tangent to the inverse surface I" at 
P', while the sphere S of C touches F at P and F at I". Hence the theo- 
rem:* 

All spheres of a given spherical complex O which touch a surface F are 
tangent also to a suiface F', the inverse of F with respect to C, and the tangent 
planes to F and F' at these points of contact are inverse with respect to C. 

Two surfaces tangent to ^ at P transform into surfaces tangent to E' at 
P' ; thus the transformation is a contact transformation. We remark here as 
before, that " tangent " implies coincidence in orientation of the tangent 
planes. 

The oo ^ oriented planes tangent to a surface F along any curve c invert 
into planes tangent to the inverse surface F' along a curve c'. In this sense, 
curves on F are transformed into curves on F'. In particular, the lines of 
curvature of F go over into lines of curvature on F'. For let P and Pi be 
consecutive points on a line of curvature of F through P, then one of the 
principal spheres of F touches F at P and also at P, ; hence this sphere in- 
verts into a principal sphere of F' touching at P' and P{, consecutive points 
of a line of curvature on F. 



*Cf. Darbonz, I. c. 



ON A TRANSFORMATION OF LAGUERRE. 161 

If the oriented plane JE touches two surfaces F and G in P and Q, then 
PQ may be called the tangential distance of F and O in E. Now let F 
transform into E' tangent to the inverse surfaces F and G' in P' and Qf ; 
then PQ = P Q'. For a sphere S of C touches F and F in P and P, and 
a second sphere /SC of C is tangent to G and G' in ^ and Q' ; then the lines 
PQ and P'^ are common tangents to S and S' through their centre of 
similitude. We have then the theorem : 

Tangential distance is unaltered by the transformation.* 




FlO. 3. 



Turning to formulas (A) and fig. 2, let 2fP=p, then the point P in- 
verts into a sphere S' of radius P' such that 

If then P describes an oriented surface F, S' will touch the inverse sur- 
face F, and the centre of S' will describe a surface Fq obtained from F by 
increasing its ordinates relative to tt in the constant ratio k^—1 : k^+1, 
or if we set, for convenience, fi = 2/c/(k* — 1), y'l — /** : 1 . 

We remark also, since y : B' = 1 : /i, that the spheres S' belong to a 
spherical complex with w for fundamental plane. 

•The paper of MUller, I. c, may be consulted for analogues of the well-known theorems 
of Bonnet and Joachlmstbal on lines of curvature, in which tangential distance replaces angle 
of intersection. 



llVol. 1 
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If, now, F is not oriented, & will touch F' in J" and P", points sym- 
metrical with respect to the plane E touching F^ at c, and & will envelop F\ 
hence the theorems : 

The inverse of an oriented surface F is touched by aU spheres belonging 
to a spherical complex with Jundamental plane ir and constant 1 : >t whose cen- 
tres lie on a surface Fq derived from F by increasing its ordinates relative to 
the fundamental plane in a constant ratio 



if F is not oriented, then the inverse is the envelope of these spheres, the two 
points of contact being symmetrical with respect to the plane touching Fq in 
the centre of the sphere. 

This last theorem is given in somewhat altered form by Laguerre and Dar- 
boux. The surfaces i'^and F^ intersect ir in the same curve. In pari;icular, 
if F is an algebraic surface, so is Fq, and of the same order as F- 

6. Other definitions of the transformation. Let 8 be an oriented 
sphere and E any oriented plane, and let that tangent plane to S which is par- 
allel to E and has the same orientation touch 8 vA, P; then P is called the 
spherical imhge of E on 8. Evidently P is the spherical image of oo ^ ori- 
ented planes. 

Referring to fig. 1, the line joining the spherical images on 8 o{ ^and 
E' passes through M, the pole of ir with respect to 8. Hence P and P are 
corresponding points in a spherical inversion on the centre M which inverts 8 
into itself. Let, now, F be any oriented plane intersecting ir in I, and Q its 
image on 8; let §Jf intersect /S' again in Q', then the inverse of F is the ori- 
ented plane through I whose spherical image on 8 is Q'. 

Hence we have the result : 

Inversion on a spherical complex may be thus defined : — Corresponding 
planes intersect on the fundamental plane, and their spherical images on any 
sphere of the complex are inverse points in a spherical inversion whose centre 
is the pole of the fundamental plane with respect to that sphere. 

Again in fig. 1, the line PP' intersects CocJ, in M, the centre of similitude 
of 8d and /SJ. For, with the previous notation, 

C^M' _ R 
G'^M ~ B! ' 

If, now, PP' be produced to meet 8^ again at P", then P" is the spherical 
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image of E' on S^. Now P and jP are corresponding points in a spherical 
inversion on the centre M'. Hence, as before, a new definition : 

Corresponding planes intersect on the fundamental plane and their spher- 
ical images on any oriented sphere are inverse points in a spherical inversion 
whose centre is the centre of similitude of the given sphere and its inverse with 
respect to the complex.* 

The spherical image on a sphere of any surface F is the locus of the im- 
ages of the planes tangent to F. Hence this theorem : 

The spherical images on any sphere 8 of two surfaces inverse with respect to 
a spherical complex are traiisformed into each other by a spherical inversion. 

7. Transformation of a spherical complex. Having seen in 
what way the familiar configurations of space are transformed, we may now 
consider the transformation of a spherical complex. 




PlO. s. 

Let the spherical complex C^i^S^, ttq) be inverted on the complex C with 
fundamental plane tt. Then a% inverts into /So, and itf is the centre of simili- 
tude of 8^ and 8'^. Now 8^ may be transformed into aSq hy spherical 

♦ Given by Darboux, I.e., but the relation of the centre of inversion to the given sphere 
is not indicated. 
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inversion on the centre M. By well-known theorems, there is a unique 
homology {T) with centre ilf and plane tt, which transforms So into 8'^ exactly 
as does the above spherical inversion. Hence by the previous section, {T) 
transforms a plane tangent to S^ into a plane tangent to 8^ exactly as the 
inversion in C. LetTTo transform into tt'q hy{T)- Then any cone of revolu- 
tion circumscribing 8^, with its vertex in ttq, ti-ansforms by ( T) or by the in- 
version in C into a cone of revolution circumscribing 80 with vertex in ttq. 
Hence the theorem : 

A spherical complex Cq is transformed by inversion in a spherical complex 
O into a spherical complex Cq. TJie fundamental planes of Cq and On inter- 
sect on the fundamental plane of C. If the spheres 8^, of Co and 80 of C'q 
correspond, then the circles of intersection o/'tto with 8q and of ttJ with 8^ are 
inverse in a spherical inversion tohose centre is the centre of similitude of 80 
and Sq. 

A special complex («= 1) inverts into a special complex. In particular, 
the complex fi of all points transforms into a complex C" with the same funda- 
mental plane as C, and the constant of C is («*+ l)/2ic(cf §5). 

The following theorem given by Darboux (p. 255) is now established : 
^ a surface F is enveloped by spheres belonging to a spherical complex Cq, then 
these spheres invert into spheres belonging to a complex C and envelop a surface 
F', the inverse of F. 

8. Simultaneous Invariant. Involution. Let the complexes Cq 
{80, TTo), Ci (80, TTi) (fig. 3) invert on C into Cl> (8(„ ttJ) and d {8^, ■7r(). 
Let Pq and P^ be the poles of ttq and ttq' with respect to 80 and ,iSo respect- 
ively. Then since ttq and ttx are transformed into ttq and ttj by the coUinea- 
tion (T) which transforms 80 into *SJ, if Pq lies in ttj then will PI, lie in ttJ, 
i. e. two complexes whose fundamental planes are conjugate with respect to 
a common sphere invert into tioo complexes having the same property* This 
is then an invariant property of two complexes. A simple calculation gives 
as the analytic condition for this relation 

cos + Ko«;i = 0, 

where 6 is the angle between the fundamental planes, and k^ and «i the con- 
stants of the two complexes. The expression cos 6 -\- KQKiVa&y be called the 
simultaneous invariant of the two complexes. 

*If To and Ti are conjugate with respect to one of the « ' spheres common to Co and Cj , they 
are conjugate with respect to every such sphere. 
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Two complexes are said to be conjugate or in involution when their sim- 
ultaneous invariant vanishes. 

If Co is an orthogonal complex, then every complex whose fundamental 
plane is perpendicular to itj is in involution with Co- If ""o is the plane at in- 
finity then the system of oo ' complexes in involution with Co is the system 
of all orthogonal complexes. This is true in particular for the complex of all 
points XI, i. e. any orthogonal complex and i2 are in involution. 

9. System of four spherical complexes mutually in involu- 
tion. If 8 is the oriented sphere common to Ci, Cj, Cg, C4, and if the fun- 
damental planes tt^, ttj, ttj, tt^ form a self-conjugate tetrahedron with respect 
to *S', then Ci, Cj, Cg, C4 are two by two in involution. 

In particular three orthogonal complexes whose planes are mutually 
perpendicular and the complex 11 form a system of four complexes mutu- 
ally in involution. By inversion in any spherical complex this system is trans- 
formed into a general system in involution, the point of intersection of the 
three planes inverting into the sphere 8, common to the four transformed 
complexes. 

10. The inverse of a central quadric. We may now apply the 
preceding results to the discussion of the oriented surface F obtained by inver- 
sion on a spherical complex of a non-oriented central quadric/". 

Since f is sibi-reciprocal (i. e. its own inverse) with respect to four 
spherical complexes mutually in involution, viz. orthogonal complexes on the 
three central planes and the complex of all points fl, then : 

Tlieorem I. The surface F is sibi-reciprocal with respect to four spherical 
complexes mutually in involution. 

Let these four complexes be Ci, O^, Cg, C4, with four fundamental planes 
•""d t2» fs) ■^4) and suppose e. g. Ci is the inverse of fi. Then by the theorem 
at the end of §5 we see that F is the envelope of 00 * spheres whose centres lie 
on a quadric Fi and which belong to Ci. But no one of the four complexes 
Cj is to be distinguished, since, by the preceding section, they form a gen- 
eral system in involution, hence we have : 

Theorem II. The surface F is the envelope in four ways of ao'^ spheres 
whose centres lie on a quadric Fi and which belong to a spherical complex Ci. 

Then by the same theorem : 

Theorem III. With each quadric Fi is associated a second quadric fi 
derived from Fi by reducing its ordiTiates relative to iTi in a constant ratio, and 
F andfi are inverse with respect to C,-. 
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It is easy to show that the four quadrics Fi are confocal. In fig. 2, let c 
be a point on Ff and E the tangent plane, then P' and P" are on F, and E' 
and E' are tangent planes to F. Now if ^is a minimum plane,* then the line 
P'P" being perpendicular to E must lie in E, hence E is tangent to F, and 
in the same way if JE' is a minimum plane, E and E" must coincide with it,t 
and therefore Fi and F are inscribed in the same minimum developable, hence : 

Theorem IV. The four quadrics Fi and the surface F are confocal. 

We may next determine the class of F. Consider any pencil of oriented 
planes ; this inveiis into the planes of a cone of revolution,! four of which 
are tangent to f, hence : 

TJieorem V. The ."surface F is of the fourth class. 

Since a tangent plane to f at a point of its intersection with ttj inverts 
into two planes touching F at this same point, we have : 

Theorem VI. The surface F contains four double conies, viz., the inter- 
ftection of f (or Ff) with the fundamental planes of the Cf 

Let Z be a minimum line at infinity ; through this line may be passed two 
minimum planes tangent to Ff and hence to F. Since F is of the fourth class, 
from the remark of the preceding note, follows : 

TJieorem VII. The surface F contains the imaginary circle at infinity 
as double line. 

The singular focal (or minimum) developable of a surface containing 
the imaginary circle at infinity is the developable of minimum planes touching 
tiie surface along this circle, and the double lines of this developable are the 
singular focal lines of the surface, hence : 

Theorem VIII. The singular focal lines of F are the focal lines of the 
quadrics Fi, and the.<^e are the only focal lines of F. 

The sphere belongs to the above class of surfaces, whose minimum de- 
velopable and singular minimum developable are identical. 

The preceding results except the last theorem are given by Dax'boux and 
Laguen'e without proof in the papers already mentioned. We return to the 
surface F in section 15. 

*i. e. E Is tangent to the imaginary circle at infinity. 

t If E' is a minimum plane, then CP being perpendicular to E' lies in E', i. e. E' passes 
through the centre of S', and therefore P* lies at infinity on the imaginary circle, t. e. a mini- 
mum plane tangent to F touches F on the imaginary circle at infinity. 

X The vertex is the point of intersection of the axis of the pencil with 1r^. 
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11. Pencil of spherical complexes. The system of « ^ complexes 
containing all oo * spheres common to tAvo given complexes Cq and Ci are 
said to form the pencil ( Cq, Ci) . Since the point spheres common to Co and 
Ci are the points of intersection of the fundamental planes ttq and ttj, the fun- 
damental planes of the pencil ( Co, Ci) belong to the pencil of planes (tto , tti) . 
Between the pencils (tto, ttj), (Co, Ci) exists a (1, 1) correspondence. 




FIO. i. 



Let the sphere /S' (fig. 4) belong to Cq and Cj, then there are two special 
complexes in (Cq, Ci) ; the fundamental planes of these special complexes 
touch S, and the common spheres of Co and Ci consist of all oriented spheres 
touching these planes. One orthogonal complex belongs to (Co,Ci) ; its funda- 
mental plane is the locus of centres of these spheres. 

If ttq and ttj coincide, the pencil becomes all complexes with the funda- 
mental plane ir^. 

12. Transformation of two given spherical complexes into each 
other. In fig. 3 if aS'o becomes a sphere of C, -6o becomes identical with 8^, 
and M becomes the pole of ir with respect to 8q. The collineation ( T) now 
becomes the harmonic projection with centre ilf and plane tt. 

If then, in fig. 4, il/and M' are the two centres with respect to which 
the intersections of itq and ttj with S are inverse,* then Cq and Ci are inverse 

* M and W are both real only if Ixol and kjl both exceed or are both less than unity. 
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with respect to each of two complexes of the pencil ( Gq, Ci) and the funda^ 
mental planes of these complexes pass through M and M'. Denoting these com- 
plexes by and C and their fundamental planes by tt and tt', then the pencil 
tt'tti tt tto is harmonic, and C and C" are in involution. That is 

Two spherical complexes are inverse loith respect to each of two complexes 
of the pencil detei'mined by them, and these two complexes are in involution. 

Some special cases require explanation : 

(1) TTo and TTj are coincident. 

Dividing the equations {A) , we get 



fe=(^i-o-a-0' 



where X = — -r — . 

Hence the complexes with constants p : B and p' : IS are inverse with re- 
spect to the two complexes with fundamental plane tt and whose constants are 
the solutions of «* — 2 « \ + 1 = 0. The product of the roots here being + 1, 
the two complexes are in involution with B = 180°. 

(2) ft one of the given complexes. 

By the foregoing, ft inverts on C into a complex Cq with the same funda- 
mental plane as G and with constant 



«o = 



2k 



This equation has two solutions for k, with product =+ 1, as before. 

The following theorem is important : 

A spherical complex G conjugate to each of two given complexes is conjugate 
to every complex of the pencil determined by them. 

For if Sis & sphere common to the three complexes, the pole of the fun- 
damental plane of G with respect to 8 lies in the intersection of the funda- 
mental planes of the two given complexes. 

13. Transformations resulting from successive inversions. 

We establish in this section certain theorems analogous to well-known 
theorems on spherical inversions. The former theorems may be established 
directly, but are most simply derived from the latter by means of the defini- 
tions of section 6. 
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The theorems on spherical inversions are as follows :* 

Two successive spherical inversions may always be replaced in oo ^ ways 
by two other spherical inversions; the four spheres of inversion belong to the 
same coaxial system, and the centre of one of the latter inversions may be 
chosen arbitrarily in the axis. 

Two spherical inversions are commutative when and only when the 
spheres of inversion cut orthogonally. 

Consider (fig. 4) the complexes Co {8, itq) &n6.Ci{S, tti). A plane touch- 
ing S a,t I* inverts in Cq into a plane touching 3 at jP, and the latter plane in- 
verts in Ci into a plane tangent to aS' at P" (§6), where P is transformed into 
P" by successive spherical inversions with centres Mq and Mi. The spheres of in- 
version cut /S orthogonally, and the product of these inversions may be replaced 
by two other inversions with centres on the line MqMi, whose spheres of in- 
version cut S orthogonally. One of these centres may be chosen arbitrarily. 
If, then, M(, and M/are two such centres and wo and wj their polar planes with 
respect to S, successive inversions in 6^ and f i lead to the same rasult as suc- 
cessive inversions in Co (S, tto) and C{ (S, 7r(). For this is plainly true for all 
oriented planes tangent to S, hence also for the cone of revolution circum- 
scribing S and any sphere <r, and from the invariance of tangential distance, 
ff must transform into the same sphere in both instances. 

Denoting, now, the inversion in C by (C), and successive inversions in 
C and C" by (C C), we have 

(CoC,) = (CiC{). 

It is easy to see that C„ being chosen, 0[ is unique. Hence the theorem : 
The transformation of space (T) which is compounded of successive inver- 
sions in two spherical complexes, may be resolved in <x> ^ ways into successive 
inversions in two other spherical complexes. The four complexes belong to the 
same pencil; and, of the two latter, one may be chosen arbitrarily and then the 
other is uniquely determined.^ 

(The proof however fails when ttq and vi coincide. In this case, let S be 
any sphere ; then using §6, the same considerations will apply.) 

*Cf. e. g. Borel in the Note In Niewenglowski's Cours de Qeometrie analytique. Vol. Ill, 
p. 505. 

t An Interesting case occurs when Co Is chosen as Ci, i. e. (.Cod) *= (Oi C). Then Oi Is 
one of the two complexes of §12, i. e. Co and C are inverse with respect to Ci , which relation 
we may denote by Cn(,C) C,, or Ci (0) C«. For, if Co(CqOi)C = C„(Cj)Co (Ci)C', then since 
fo (C,) C (C) C, C must be C Itself. 
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Choosing the orthogonal complex of the pencil, we get the very important 
theorem : 

Tlie transformation ( T) may he uniquely resolved into a reflection and in- 
version, or an inversion followed by this reflection.* 

If Co and Ci are in involution, and S is any common sphere, the spheres 
of inversion with the centres Mq and Mi will cut orthogonally, and since the 
spherical inversions with centres ilij, and Ml are conunutative,we have 

Inversions in spherical complexes in involution are commutative, and con- 
versely. 

An important case is the special case above remarked, when the funda- 
mental planes coincide. Consider, then, two complexes in involution, C and 
C", with coincident fundamental planes. Since the simultaneous invariant 
vanishes, the constant of one must be numerically equal to the reciprocal of 
the constant of the other. Denote the inversions by (C) and (C) ; then re- 
solving {CO') into an inversion and reflection, since the common spheres of 
C and C are in this case the points of the fundamental plane, the complex in 
involution with the orthogonal complex is the complex of all points fl. Call- 
ing the reflection (/) , we have then 

(C'C") = (fti), 
or (C'CC") = (Cfti), 

and since {00) is the identical transformation, 

{0') = {Oai) = {IilC); 
whence the important theorem : 

Inversion in a i^herical coinplex with constant k may be resolved into a 
reflection in the fundamental plane of that complex, change of orientation and 
inversion in a spherical complex with constant 1/k, or into the same three in- 
versions in the reverse order. 

14. Group of the geometry of reciprocal directions. Repre- 
senting as before the inversion in the spherical complex Ci by ( Ci) , from the 
theorems of the preceding section, the transformation made up of successive 
inversions in the n complexes, Oi, 0^, Ct, . . . 0„, may be resolved thus : 

*Cf. Borel, I. e , for the corresponding result when (T) is compounded of two spherical 
inversions. The transformation (T) belongs to the class studied by Wiener In an Important 
paper: Ueber die aus zwei Spiegelungen zusammengesetzten Yerwandtschaften, Leipziger 
rtericlue 1891, p. 644, in which many general theorems are established. 
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(Ci c,c\ . . . e„) = (I^I,Is . . . C) = (C'lin . . . i'„), 

where the (/)s are reflections. If n is even, then from the last theorem of §13, 

(C) = (ino,), {0') = (C[ar), 

and since an even number of reflections is a displacement of space, and (ft) is 
change in orientation, we have the result : 

A transformation (T) of space which is compounded of successive inver- 
sions in any number of spherical cx>mplexes belongs to one of two classes : 

(fl) (T) = {CD) = {D'C) 

{},) (T) = (CnD) = (D'n C), 

where (D),(D') are displacements, (C),{C') inversions in spherical complexes, 
and (H) change in orientation.* 

Consider, now, the system of transformations embracing 

(I) all displacements {D), and the identical transformation, 

(II) all inversions in spherical complexes ( C) , 

(III) all transformations (CZ>), 

(IV) all transformations (CO D) . 

TJiese transformations form a group. To prove this, we may, by virtue 
of the preceding theorems, confine ourselves to compounding transformations 
in classes (III) and (IV). Consider, e.g., the result of compounding two 
transformations of (IV). By applying the preceding theorems, we easily get 

( cnD) {C'£iD')={CDaaD c") = (CD"C") = {CC"'D") = {c,^iy"). 

Similarly for two transformations one each of (III) and (IV), or two of 
(III). 

The most general transformation of this group depends upon ten param- 
eters, viz., (he inversion on four, the displacement on six. As is well known, 
the group of the Geometry of Reciprocal Radii, in which spherical inversion 
|)lay3 the same role as inversion in a spherical complex in the above group, is 
a ten parameter group, the most general transformation being composed of a 
spherical inversion and a displacement. This group embraces all conformal 
point transform.ations of space. We may then properly call this new group, 
using Laguerre's designation, the group of the Geometry of Reciprocal Direc- 

♦This theorem Implies that a transformation {CD) maybe resolved into the second form 
(D'C). For if we resolve (D) Into four plane reflections (/, /./j/i), then (CD) = (CIiI,I»It), 
and applying the second theorem of §13, {CIiI^I;,!^ = (/i Ci/2/3 It), or Anally = (DC). 
Similarly for (6). 
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tions. This group embraces all plane-transformations preserving tangential 
distances.* 

It is interesting and important to note that the group of the Geometry of 
Reciprocal Directions is simply isomorphic with the group of all displacements 
and symmetry tnmsformntions in space of four dimensions. This is brought 
about by a (1, 1) correspondence between points in such a space and oriented 
spheres, as indicated, e. g., in Klein's Hohere Geometrie, pp. 472, seq. 

15. The correlative of the Cyclide. As is well known, the general 
quadratic point-manifoldneas in the Geometiy of Reciprocal Radii is the cyclide, 
a surface of order four containing the circle iit infinity as double line. In the 
Geometry of Reciprocal Directions, the surface F of class four and containing 
the circle at infinity as double line, discussed in Section 10, is the quadratic 
plane-manifoldness. For the cyclide, theorems analogous to theorems I, II 
and IV hold.f Furthermore, the centre of each of the five mutually orthog- 
onal spheres, with respect to each of which the cyclide is its own inverse, is 
the vertex of a quadric cone enveloped by planes bitangent to the cyclide. 
On F lie five double conies, viz. in the fundamental planes of the Ci and in 
the plane at infinity. In fact, the cyclide and the surface F have correlative 
properties. Thus F is of order twelve, and is the general surf ace of class /bur 
having the circle at infinity for double line. 

We may then establish the following relation between the central quadric 
and general cyclide : 

A central qtiadric may be transfonned into a cyclide by an inversion in a 
spherical complex followed by a dualistic transformation. 
New Haven, Conn., Fbbhoary, 1900. 

♦This group was first noted by Sopbus Lie, p. 186, note. Of. also the Note by Stephanos 
Id the Comptes Sendustoi 1881, p. 1195. 

tC/. e. ff. Darboax, Sur tt»e cla««« remarquable de courbes et de surfaces algibriqtits, p. 116, 
scq., p. 1S3. 



